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Abstract
In this paper, we develop a set of differential equations describing the steady flow of an Oldroyd
6-constant magnetohydrodynamic fluid. The fluid is electrically conducting in the presence of a uni-
form transverse magnetic field. The developed non-linear differential equation takes into account the
effect of the material constants and the applied magnetic field. We presented the solution for three
types of steady flows, namely,
(i) Couette flow
(ii) Poiseuille flow and
(iii) generalized Couette flow.
Homotopy analysis method (HAM) is used to solve the non-linear differential equation analytically.
It is found from the present analysis that for steady flow the obtained solutions are strongly dependent
on the material constants (non-Newtonian parameters) which is different from the model of Oldroyd
3-constant fluid. Numerical solutions are also given and compared with the solutions by HAM.
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The inadequacy of the classical Navier–Stokes model to describe rheologically complex
fluids such as blood, paints, shampoo and polymeric solutions, has led to the development
of several models of non-Newtonian fluids. Of the numerous models that abound in non-
Newtonian fluid mechanics one that captures several of the salient aspects of many such
fluids, albeit only in a qualitative manner, and hence been accorded much scrutiny is a
rate type model due to Oldroyd [1]. In recent years there have been many analytical and
numerical studies devoted to the flows of Oldroyd-B (3-constant) fluid (see Rajagopal and
Bhatnagar [2], Rajagopal [3], Pontrelli and Bhatnagar [4], Hayat et al. [5] and Asghar et
al. [6]). More recently, Baris [7] carried out study of the flow of an Oldroyd 6-constant
fluid using truncated series expansions for the stream function and stress components.
The Oldroyd 3-constant fluid for a unidirectional steady flow does not exhibit the non-
Newtonian property. For this reason some steady flows may be well described by the
Oldroyd 6-constant fluid. With this in mind the model in the present paper is of the Ol-
droyd 6-constant type. The governing differential equation is non-linear. We solve the
three non-linear boundary value problems using homotopy analysis method [8] and nu-
merical method. The method of homotopy analysis method has already been successfully
applied to problem of Newtonian [9–16] and non-Newtonian fluids [17–19]. The solutions
for a Navier–Stokes fluid, as well as those corresponding to an Oldroyd 3-constant fluid,
a Maxwell fluid and a second grade one, appear as limiting cases of our solutions.
2. Governing equations
The MHD equations governing the problem (balance of momentum and mass, Maxwell
equations and Ohms’ law) can be written as
ρ
[
∂V
∂t
+ (V ·∇)V
]
=∇ · T + J × B, (1)
div V = 0, (2)
where the MHD body force J × B is included in the momentum equation, ρ the fluid
density, J the electric current density and B the magnetic flux. The generalized Ohm’s law
is
J = σ(E + V × B) (3)
and the Maxwell equations take the form
div D = ρe, div H = 0, curlE = −∂B
∂t
, curl H = J + ∂D
∂t
. (4)
In Eqs. (3) and (4), σ is the electrical conductivity, E the electric field, D the electric
displacement field, ρe the free electric charge density and H the magnetic field strength.
Any material can be treated as linear, as long as the electric and magnetic fields are not
extremely strong. In a linear media, the macroscopic field strengths D and H are related
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magnetic permeabilities,  and µm, respectively
D = E, B = µmH. (5)
Hence, Maxwell’s equations (4) for a linear medium become
div E = ρe/, div B = 0, curlE = −∂B
∂t
, curlB = µmJ + µm ∂D
∂t
. (6)
From Ohm’s law (3) and Maxwell’s equations (6) an evolution equation for the magnetic
flux B can be easily derived, which is known as the magnetic induction equation and sug-
gests that the motion of an electrically conducting fluid in an applied magnetic field will
induce a magnetic field in the medium. The total field is the sum of the applied and induced
magnetic fields. Chang and Yen [20] made a study by taking the induced magnetic field
effects. The relative strength of the induced field is characterized by the magnetic Reynolds
number (Rem = σµmUL with characteristic values of velocity and length, U and L). We
assume that the induced magnetic field is negligible. This assumption is justified when
the magnetic Reynolds number is small, which is generally the case, especially in normal
aerodynamic applications [21–28]. Since no external electric field is applied and the effect
of polarization of the ionized fluid is negligible, we can also assume that the electric field
E = 0.
Now it is tacitly assumed that a magnetic field with a constant magnetic flux density
B0 is applied in the y-direction. Regardless of the induced magnetic field, the linearized
magnetohydrodynamic force involved in Eq. (1) can be put into the form
J × B = −σB20 V. (7)
The constitutive equation for Cauchy stress tensor T in an Oldroyd 6-constant fluid is
[29,30]
T = −p1I + S, (8)
S + λ1 DS
Dt
+ λ3
2
(SA1 + A1S) + λ52 (tr S)A1 = µ
(
A1 + λ2 DA1
Dt
+ λ4A21
)
, (9)
A1 = grad V + (grad V)T . (10)
In above equations −p1I is the constitutively indeterminate part of the stress due to the
constraint of incompressibility, S is the extra stress tensor, A1 is the first Rivlin–Ericksen
tensor, µ, λ1, λ2, λ3, λ4 and λ5 are the material constants and the contravariant convected
derivative D/Dt is given by
DS
Dt
= S˙ − LS − SLT , (11)
where dot is the material time differentiation and L = grad V.
Let us define the extra stress tensor and velocity as
S(y) =
(
Sxx Sxy Sxz
Syx Syy Syz
)
, V(y) =
(
u
0
)
. (12)
Szx Szy Szz 0
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equation (1) along with Eqs. (7)–(11) for steady flow gives
dpˆ
dx
= d
dy
Sxy − σB20u, (13)
where
Sxy = 1
M
{
µ
du
dy
+ µα1
(
du
dy
)3 }
, (14)
M = 1 + α2
(
du
dy
)2
, (15)
α1 = λ1λ4 − (λ3 + λ5)(λ4 − λ2), (16)
α2 = λ1λ3 − (λ3 + λ5)(λ3 − λ1) (17)
and modified pressure pˆ is
pˆ = p1 − 1
M
{
µ(λ4 − λ3)
(
du
dy
)2
+ µ(λ4α2 − α1λ3)
(
du
dy
)4 }
, (18)
where
0 < α1 < α2 and α1 
1
9
α2.
Making use of Eq. (14) in Eq. (13), we arrive at
d2u
dy2
+
[
(3α1 − α2) + α1α2
(
du
dy
)2 ](
du
dy
)2
d2u
dy2
− 1
µ
(
σB20u +
dpˆ
dx
)[
1 + α2
(
du
dy
)2 ]2
= 0. (19)
3. Plane Couette flow
We consider fluid bounded by the rigid plates y = 0, d , where the plate y = 0 is at rest
and the plate y = d translates parallel to itself with uniform velocity Uiˆ (iˆ is a unit vector
in the x-direction). The plates are non-conducting and a magnetic field is applied in the
vertical upward direction, i.e., from y = 0 to y = d . The pressure pˆ in this section remains
constant (i.e., the pressures far upstream and far downstream being kept equal) throughout
the flow and that there is zero pressure gradient in the x-direction [31–34]. Thus, Eq. (19)
reduces to
d2u
dy2
+
[
(3α1 − α2) + α1α2
(
du
dy
)2 ](
du
dy
)2
d2u
dy2
− σB
2
0 u
[
1 + α2
(
du
)2 ]2
= 0. (20)µ dy
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u = 0 for y = 0,
u = U for y = d. (21)
Introducing the following dimensionless parameters:
u∗ = u
U
, y∗ = y
d
, α∗1 =
α1
(d/U)2
, α∗2 =
α2
(d/U)2
, m∗2 = σB
2
0
µ/d2
(22)
the governing boundary value problem after dropping the “∗” becomes
d2u
dy2
+
[
(3α1 − α2) + α1α2
(
du
dy
)2 ](
du
dy
)2
d2u
dy2
− m2u
[
1 + α2
(
du
dy
)2 ]2
= 0, (23)
u = 0 for y = 0,
u = 1 for y = 1. (24)
Now to solve the non-linear ordinary differential equation (23) subject to boundary
conditions (24) we apply the homotopy analysis method to give an explicit, uniformly valid
and totally analytic solution. Due to the governing equation (23) and boundary conditions
(24) we choose
u0(y) = β1 sinhmy (25)
as the initial approximation of u(y), where
β1 = 1
sinhm
.
Furthermore, we choose
L[u¯(y;p)]= ∂2u¯(y;p)
∂y2
− m2u¯(y;p) (26)
as our auxiliary linear operator, where p ∈ [0,1] is an embedding parameter. Then, we
construct the zero-order deformation equation
(1 − p)L[u¯(y;p) − u0(y)]
= ph¯
[
∂2u¯(y;p)
∂y2
+
{
(3α1 − α2) + α1α2
(
∂u¯(y;p)
∂y
)2 }(
∂u¯(y;p)
∂y
)2
∂2u¯(y;p)
∂y2
− m2u¯(y;p)
{
1 + α2
(
∂u¯(y;p)
∂y
)2 }2 ]
(27)
with the conditions
u¯(0;p) = 0, u¯(1;p) = 1. (28)
When p = 0, it is straightforward that the solution of Eqs. (27) and (28) is
u¯(y;0)= u0(y). (29)
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u¯(y;1)= u(y). (30)
Thus, as p increases from 0 to 1, u¯(y;p) varies (or deforms) from the initial approximation
u0(y), defined by Eq. (25), to the solution u(y) governed by Eqs. (23) and (24). This kind
of continuous variation is called deformation in topology.
Due to Eq. (29), it is straightforward to expand u¯(y;p) in power series of the embedding
parameter p as follows:
u¯(y;p) = u0(y) +
∞∑
k=1
uk(y)p
k, (31)
where
uk(y) = 1
k!
∂ku¯(y;p)
∂pk
∣∣∣∣
p=0
(k  1). (32)
Note that the zero-order deformation equation (27) contains a non-zero auxiliary parame-
ter h¯. Thus, u¯(y;p) and uk(y) are dependent upon the auxiliary parameter h¯. Obviously,
h¯ also affects the convergence rate and region of the series (31). Assume that h¯ is so prop-
erly chosen that series (31) is convergent at p = 1. Then, due to Eqs. (30) and (31), we
have the relationship
u(y) = u0(y) +
∞∑
k=1
uk(y). (33)
Differentiating k-times the zero-order deformation equations (27) and (28) with respect to
p and then dividing them by k! and finally setting p = 0, we have, due to definition (32),
the kth-order deformation problem
L[uk(y) − χkuk−1(y)]
= h¯
[
u′′k−1 +
k−1∑
n=0
u′′k−n−1
n∑
i=0
u′n−i
(
(3α1 − α2)u′i + α1α2
i∑
j=0
u′i−j
j∑
r=0
u′j−ru′r
)
− m2
{
uk−1 + α2
k−1∑
n=0
uk−n−1
n∑
i=0
u′n−i
(
2u′i + α2
i∑
j=0
u′i−j
j∑
r=0
u′j−ru′r
)}]
,
(34)
uk(0) = uk(1) = 0, (35)
where
χk =
{
0, k  1,
1, k  2,
and prime denotes the derivative with respect to y .
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proximations, we obtain the three terms solution of the given problem (23) and (24) as
follows:
u(y) = u0(y) + u1(y)+ u2(y), (36)
where
u1(y) = h¯[f1 sinh 5my + f2 sinh 3my + f3my coshmy + f4 sinhmy], (37)
u2(y) = h¯
2
2!
[
f5 sinh 9my + f6 sinh 7my + f7 sinh 5my + f8 sinh 3my
+ (f13 + f9m2y2) sinhmy + my(f10 cosh 5my + f11 cosh 3my
+ f12 coshmy)
] (38)
and the involving constants are given in Appendix A.
4. Plane Poiseuille flow
In this case both plates are stationary and the flow between them is maintained due to
the existence of the constant pressure gradient, the governing equation is (19) with the
following conditions:
u = 0 for y = 0,
u = 0 for y = d. (39)
Defining
u∗ = u
U
, y∗ = y
d
, α∗1 =
α1
(d/U)2
, α∗2 =
α2
(d/U)2
,
x∗ = x
d
, pˆ∗ = pˆ
µU/d
, m∗2 = σB
2
0
µ/d2
, (40)
Eq. (19) and boundary conditions (39) after dropping “∗” give
d2u
dy2
+
[
(3α1 − α2) + α1α2
(
du
dy
)2 ](
du
dy
)2
d2u
dy2
−
(
m2u + dpˆ
dx
)[
1 + α2
(
du
dy
)2 ]2
= 0, (41)
u = 0 for y = 0,
u = 0 for y = 1. (42)
From governing equation (41) and boundary conditions (42), we choose
u0(y) = C [coshmy + β2 sinhmy − 1] (43)
m2
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β2 = 1 − coshm
sinhm
, C = dpˆ
dx
.
Let us construct the zero-order deformation equation
(1 − p)L[u¯(y;p) − u0(y)]
= ph¯
[
∂2u¯(y;p)
∂y2
+
{
(3α1 − α2) + α1α2
(
∂u¯(y;p)
∂y
)2 }(
∂u¯(y;p)
∂y
)2
∂2u¯(y;p)
∂y2
− (m2u¯(y;p) + C){1 + α2
(
∂u¯(y;p)
∂y
)2 }2 ]
(44)
with the boundary conditions
u¯(0;p) = 0 = u¯(1;p). (45)
Differentiating k-times the zero-order deformation equations (44) and (45) with respect to
p and then dividing them by k! and finally setting p = 0, we have, due to definition (32),
the kth-order deformation problem
L[uk(y) − χkuk−1(y)]
= h¯
[
u′′k−1 +
k−1∑
n=0
u′′k−n−1
n∑
i=0
u′n−i
(
(3α1 − α2)u′i + α1α2
i∑
j=0
u′i−j
j∑
r=0
u′j−ru′r
)
− m2
{
uk−1 + α2
k−1∑
n=0
uk−n−1
n∑
i=0
u′n−i
(
2u′i + α2
i∑
j=0
u′i−j
j∑
r=0
u′j−ru′r
)}
− α2C
k−1∑
n=0
u′k−n−1
(
2u′n + α2
n∑
i=0
u′n−i
i∑
j=0
u′i−j u′j
)]
, (46)
uk(0) = uk(1) = 0. (47)
Now solving Eq. (46) subject to boundary conditions (47) up to second-order approxima-
tions, we obtain the three terms solution of the given problem (41) and (42) and is given
by Eq. (36) in which
u1(y) = h¯
[
(l1 + l9 + l2my) coshmy + l3 cosh 3my + l4 cosh 5my
+ (l6 + l10 + l5my) sinhmy + l7 sinh 3my + l8 sinh 5my
]
, (48)
u2(y) = h¯
2
2!
[(
l11 + l27 + l12my + l13m2y2
)
coshmy + (l14 + l15my) cosh 3my
+ (l16 + l17my) cosh 5my + l18 cosh 7my + l19 cosh 9my
−
(
1
2
l12 − l28 + 2l11my − l20m2y2
)
sinhmy + (l21 + l22my) sinh3my
+ (l23 + l24my) sinh 5my + l25 sinh 7my + l26 sinh 9my
]
(49)
and the different constants are given in Appendix A.
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In this case the velocity distribution is dependent on both the motion of the upper plate
and the existence of the pressure gradient. For this flow the governing dimensionless prob-
lem consists of Eq. (41) and boundary condition (24). We choose
u0(y) = C
m2
[coshmy + β3 sinhmy − 1] (50)
as the initial approximation of u(y), where
β3 = (1 − coshm) + m
2/C
sinhm
.
We observe that expressions (43) and (50) are same except β3 replaces β2. Thus, the so-
lutions in case of generalized Couette flow can be obtained by replacing β2 with β3 in
Section 4.
6. Numerical method
In this section, we have an interest to give numerical computations for the Couette,
Poiseuille and generalized Couette flows using iterative methods. Using iterative method,
the governing equation (41) takes the form[
1 + (3α1 − α2)
(
du(n)
dy
)2
+ α1α2
(
du(n)
dy
)4 ](
d2u(n+1)
dy2
)
−
(
m2u(n+1) + dpˆ
dx
)[
1 + α2
(
du(n)
dy
)2 ]2
= 0 (51)
subject to the following boundary conditions:
u(n+1) = 0 for y = 0,
u(n+1) = 1 for y = 1, (52)
where (n) is used for the iterative step and Eq. (51) along with the boundary conditions (52)
construct boundary value problem for u(n+1). A linear algebraic system can be obtained
using finite difference scheme and solved for each iterative step. Hence, a sequence of
u(0)(y), u(1)(y), u(2)(y), . . . is determine as: for a given u(0)(y), u(1)(y), u(2)(y), . . . are
calculated successively as the solution of boundary value problem (51) and (52).
For better convergence, the method of successive under-relaxation is used. We solve the
boundary value problem (51) and (52) for the iterative step n + 1 to obtain an estimated
value u(n+1) : u˜(n+1), defining u(n+1) as
u(n+1) = u(n) + τ (u˜(n+1) − u(n)), τ ∈ (0,1], (53)
where τ ∈ (0,1] is an under-relaxation parameter and is small for convergent iteration. The
iteration should be carried out until the relative difference of the computed u(n+1) and u(n)
between iterative steps are smaller than a given error chosen to be 10−16.
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subject to boundary conditions (52) and for Poiseuille flow the governing equation (51) is
solved for the boundary conditions
u(n+1) = 0 for y = 0,
u(n+1) = 0 for y = 1. (54)
Also, for generalized Couette flow the governing equation (51) subject to boundary condi-
tions (52) is solved.
7. Discussion of results
7.1. Plane Couette flow
A comparison of the numerical and the HAM solutions of Couette flow is shown in
Figs. 1 and 2 for various values of non-Newtonian parameters α1, α2 and magnetic pa-
rameter m. From Eq. (19), it is found that if α1 = α2 then Oldroyd 6-fluid for plane
shearing flows behaves as a Newtonian fluid. Therefore, the curves in Fig. 1 corresponding
to α1 = α2 = 2 is identical to that of Newtonian behavior. Moreover, for zero pressure gra-
dient, the velocity is linear in case of hydrodynamic fluid. For magnetohydrodynamic fluid,
a magnetic force is established against the flow direction. Figure 1a gives us the effects of
α1 (= 2 to 4) for fixed α2 (= 2). It is noted that the flow profiles tend to approach the lin-
ear distribution; thus, the shearing can unattenuately extend to the whole domain from the
boundaries, corresponding to a shear thickening phenomenon. Fig. 1b is prepared to see
the variation of α2 (= 2 to 4) for fixed α1 (= 2) and an opposite phenomenon is observed.
This shows the shear thinning effects of the examined non-Newtonian fluid. Moreover, it is
found that the results obtained by HAM are in accordance with those of numerical results.
Figures 2a and 2b provide the effects of magnetic parameter for Newtonian and Oldroyd
fluids, respectively. In the presence of magnetic force, the velocity decreases with an in-
(a) (b)
Fig. 1. Profiles of the dimensionless velocity u(y) for plane Couette flow with various values of non-Newtonian
parameters α1 and α2, respectively, for fixed values of h¯ = −0.05 and m = 1. Solid lines indicate the numerical
solutions while dotted lines denote HAM solutions. (a) α2 = 2, (b) α1 = 2.
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Fig. 2. Profiles of the dimensionless velocity u(y) for plane Couette flow with various values of the magnetic
parameter m for fixed value of h¯ = −0.01. Solid lines indicate the numerical solutions while dotted lines denote
HAM solutions. (a) Newtonian fluid (α1 = α2 = 2), (b) Oldroyd fluid (α1 = 2, α2 = 4).
(a) (b)
Fig. 3. Profiles of the dimensionless velocity u(y) for plane Poiseuille flow with various values of the pressure
gradient C for fixed values of h¯ = −0.5 and m = 1. Solid lines indicate the numerical solutions while dotted lines
denote HAM solutions. (a) Newtonian fluid (α1 = α2 = 2), (b) Oldroyd fluid (α1 = 2, α2 = 4).
crease of magnetic parameter. It is observed that for Newtonian fluid for α1 = α2 = 2 and
m = 1 the HAM solutions exactly match with numerical results.
7.2. Plane Poiseuille flow
In order to see the comparison between numerical results and HAM solutions for
Poiseuille flow we display Figs. 3–5. For both (Newtonian fluid (Fig. 3a) and an Oldroyd
fluid (Fig. 3b)), symmetric parabolic flow profiles are obtained. Their amplitudes depend
on the magnitude of the pressure gradient and the flow directions are against the direction
of the pressure gradient. For Newtonian fluid, the numerical and HAM solutions are iden-
tical when m = 1 (Fig. 3a). For an Oldroyd fluid α1 = 2 and α2 = 4 the flow velocities
are obviously larger than those of the Newtonian fluid. However, this result cannot be gen-
eralized to an Oldroyd 6-constant fluid with other chosen values of material parameters.
Actually, it can be seen from the governing equation (19) that if α1 < α2 (α1 > α2) the
flow velocity of an Oldroyd fluid is larger (smaller) than that of a Newtonian fluid.
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Fig. 4. Profiles of the dimensionless velocity u(y) for plane Poiseuille flow with various values of the
non-Newtonian material parameters α1 and α2, respectively, for fixed values of h¯ = −0.05, C = −2 and m = 1.
Solid lines indicate the numerical solutions while dotted lines denote HAM solutions. (a) α2 = 2, (b) α1 = 2.
(a) (b)
Fig. 5. Profiles of the dimensionless velocity u(y) for plane Poiseuille flow with various values of the magnetic
parameter m for fixed values of h¯ = −0.05 and C = −2. Solid lines indicate the numerical solutions while dotted
lines denote HAM solutions. (a) Newtonian fluid (α1 = α2 = 2), (b) Oldroyd fluid (α1 = 2, α2 = 4).
From Fig. 4, we can see that in case of Poiseuille flow the velocity profiles are strongly
dependent on the material parameters α1 and α2. Increasing α1 (= 4 to 6) by keeping
α2 (= 2) fixed, the flow velocity is found to decrease (Fig. 4a), while increasing α2 (= 4
to 6) for fixed value of α1 (= 2) will lead to a profile that is becoming more parabolic
and the flow velocity increases (Fig. 4b). From these figures, we see that the numerical
and HAM solutions are well in agreement. Also, for HAM solutions, it is observed that
the convergence of the obtained solutions is strongly dependent upon the choice of h¯.
Furthermore, the convergence region is found to enlarge as h¯ tend to zero from below.
From Figs. 5a and 5b, the observations obtained for magnetic parameter are identical to
that of Couette flow.
7.3. Generalized Couette flow
A comparison of the direct numerical results and HAM solutions of generalized Couette
flow is made in Figs. 6–8. For a favorable pressure gradient (C < 0), i.e., its direction is
opposite to the velocity U of the top plate, the velocity is positive for both the Newtonian
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Fig. 6. Profiles of the dimensionless velocity u(y) for generalized Couette flow with various values of the pressure
gradient C for fixed values of h¯ = −0.01 and m = 1. Solid lines indicate the numerical solutions while dotted
lines denote HAM solutions. (a) Newtonian fluid (α1 = α2 = 2), (b) Oldroyd fluid (α1 = 2, α2 = 4).
(a) (b)
Fig. 7. Profiles of the dimensionless velocity u(y) for generalized Couette flow with various values of the
non-Newtonian material parameters α1 and α2, respectively, for fixed values of h¯ = −0.01, C = −2 and m = 1.
Solid lines indicate the numerical solutions while dotted lines denote HAM solutions. (a) α2 = 2, (b) α1 = 2.
(a) (b)
Fig. 8. Profiles of the dimensionless velocity u(y) for generalized Couette flow with various values of the mag-
netic parameter m for fixed values of h¯ = −0.01 and C = −2. Solid lines indicate the numerical solutions while
dotted lines denote HAM solutions. (a) Newtonian fluid (α1 = α2 = 2), (b) Oldroyd fluid (α1 = 2, α2 = 4).
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pressure gradient (C > 0), i.e., its direction is the same as that of U , the velocity may either
be all positive or a combination of a positive and negative regime for both the Newtonian
fluid and Oldroyd fluid depending on the value of the adverse pressure gradient. We obtain
a good comparison between numerical and HAM solutions.
Figure 7 shows the effects of the material parameters α1 and α2 for the case of gen-
eralized Couette flow. From Fig. 7a, if we increase α1 (= 4 to 8) by keeping α2 (= 2)
fixed, the curvature of the velocity profile decreases and with an increase of α2 (= 4 to 8)
for a fixed α1 (= 2), the velocity profile to become more parabolic. Further, from Fig. 8,
it is revealed that the magnetic parameter has the same influence in this case as for Cou-
ette and Poiseuille flows and a good comparison is observed between numerical and HAM
solutions.
8. Concluding remarks
We have considered equation for steady and magnetohydrodynamic flow of an Oldroyd
6-constant fluid. The three non-linear problems are solved using homotopy analysis method
and numerical method. Finally, the results obtained by HAM and numerical method are
compared. All of HAM results agree well with the numerical ones. Moreover, the con-
vergence region of the obtained results by HAM is strongly dependent upon the choice
of h¯. Further, the convergence region is found to enlarge as h¯ tend to zero from below.
The obtained solutions are valid for all values of the non-Newtonian parameters. This is
not the case for steady flow of an Oldroyd 3-constant fluid. It is found that presented so-
lutions include as special cases the Oldroyd 3-constant model (for λ3 = λ4 = λ5 = 0),
second grade model (when λ1 = λ3 = λ4 = λ5 = 0, µλ2 = α˜1 (material parameter of sec-
ond grade fluid)), Maxwell model (λ2 = λ3 = λ4 = λ5 = 0) and the linearly viscous fluid
model (λ1 = λ2 = λ3 = λ4 = λ5 = 0). It is observed from the analysis that in an Oldroyd
3-constant fluid, Maxwell fluid and second grade fluid, the unidirectional steady flow is
identical to that of viscous fluid. These provide useful mathematical check. It is also inter-
esting to note that for α1 = α2, the present Couette flow of an Oldroyd 6-constant fluid is
identical to that of Newtonian fluid.
It is worthwhile to mention here that results of present problem for hydrodynamic fluid
in a porous medium can be obtained by replacing m = √φ/k d (where k (> 0) and φ
(0 < φ < 1) are respectively the (constant) permeability and porosity [35]).
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Appendix A
Here, we will provide the values of different constants appearing in Sections 3 and 4.
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f4 = −1
sinhm
(f1 sinh 5m + f2 sinh 3m + f3m coshm),
f5 = 3640f1m
4β41 (15α1 − 7α2)α2,
f6 = 1384m
2β21
[
12f1(35α1 − 19α2)
+ m2β21
{
(140f1 + 21f2)α1 − (44f1 + 13f2)α2
}
α2
]
,
f7 = 12304
[
4608
(
1 + 1
h¯
)
f1 + 48m2β21
{
(150f1 + 45f2)α1 − (54f1 + 29f2)α2
}
+ m4β41
{
(1800f1 + 720f2 + 47f3 − 60f4)α1
− (72f1 + 336f2 + 23f3 − 60f4)α2
}
α2
]
,
f8 = 1256
[
512
(
1 + 1
h¯
)
f2 + 4m2β21
{
3(60f1 + 72f2 + 7f3 − 12f4)α1
+ (12f1 − 88f2 − 5f3 + 36f4)α2
}
+ 3m4β41
{
(80f1 + 72f2 + 15f3 − 20f4)α1
+ (48f1 − 8f2 − 7f3 + 20f4)α2
}
α2
]
,
f9 = 116
[
f3m
2β21 (α1 − α2)
{
6 + α2m2β21
}]
,
f10 = 5192
[
f3m
4β41 (α1 − α2)α2
]
,
f11 = 964
[
f3m
2β21 (α1 − α2)
{
4 + α2m2β21
}]
,
f12 = 116
[
32
(
1 + 1
h¯
)
f3 + 2m2β21
{
3(6f2 + 7f3 − 6f4)α1
+ (14f2 − 13f3 + 18f4)α2
}+ m4β41{(5f1 + 15f2 + 11f3 − 10f4)α1
+ (19f1 + 9f2 − 7f3 + 10f4)α2
}
α2
]
,
f13 = −1
sinhm
[
f5 sinh 9m + f6 sinh 7m + f7 sinh 5m + f8 sinh 3m + f9m2 sinhm
+ m(f10 cosh 5m + f11 cosh 3m + f12 coshm)
]
,
b1 = (α1 − α2)m
2β31
32
, b2 = α2m
2β21
12
, b3 = (α1 − α2)C
3
384m6
,
l1 = −12b3
(−1 + β22)[6m2 + C2(−1 + β22 )α2],
l2 = 24b3β2
(−1 + β22)[6m2 + C2(−1 + β22)α2],
l3 = 9b3
(
1 + 3β22
)[
4m2 + C2(−1 + β22)α2],
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[
1 + 5β22
(
2 + β22
)]
α2,
l5 = 24b3
(−1 + β22 )[6m2 + C2(−1 + β22)α2],
l6 = −12b3β2
(−1 + β22)[6m2 + C2(−1 + β22)α2],
l7 = 9b3β2
(
3 + β22
)[
4m2 + C2(−1 + β22)α2],
l8 = b3β2C2
[
5 + β22
(
10 + β22
)]
α2,
l9 = −(l1 + l3 + l4),
l10 = −1
sinhm
[
(l1 + l9 + l2m) coshm + l3 cosh 3m + l4 cosh 5m + (l6 + l5m) sinhm
+ l7 sinh 3m + l8 sinh 5m
]
,
l11 = C
2
32m4
[
l5
{
−32
(
1 + 1
h¯
)
m4
C2
+ 2m2[21α1 − 13α2 − 3(5α1 + 3α2)β22]
− C2α2
(−1 + β22)[−11α1 + 7α2 + (7α1 + 13α2)β22]
}
+ 36(−l3 + l9)m2α1
− 4(7l3 + 9l9)m2α2 + C2
{
5(3l3 − l4 − 2l9)α1 + (9l3 − 19l4 + 10l9)α2
}
α2
+ 4β2
{
3(−2l10 − l2 − 2l6 + 6l7)m2α1 + C2(−2l10 − 5l2 − 2l6 + l7 + 19l8)α22
+ [(6l10 + 11l2 + 6l6 + 14l7)m2 + C2(2l10 + l2 + 2l6 − 9l7 + 5l8)α1]α2}
− 2β22
{
6(3l3 + l9)m2α1 +
[
2(7l3 − 3l9)m2 − 3C2(3l3 − 5l4 + 2l9)α1
]
α2
+ 3C2(11l3 + 19l4 + 2l9)α22
}+ 4C2α2β32{(−2l10 − l2 − 2l6 + 3l7 + 5l8)α1
+ (2l10 + 5l2 + 2l6 + 21l7 + 19l8)α2
}
− C2α2β42
{
(9l3 + 5l4 + 2l9)α1 + (31l3 + 19l4 − 2l9)α2
}
− 2l1(α1 − α2)
{
6m2
(−3 + β22)+ C2α2(5 − 6β22 + β42)}
]
,
l12 = C
2
16m4
[
l2
{
32
(
1 + 1
h¯
)
m4
C2
+ C2α2
(−1 + β22)[−7α1 − 13α2
+ (11α1 − 7α2)β22
]+ 2m2[3α1(−5 + 7β22)− α2(9 + 13β22)]
}
+ 4l7(9α1 + 7α2)m2 + C2
{
(−9l7 + 5l8)α1 + (−31l7 + 19l8)α2
}
α2
− 4β2
{
3(2l1 + 6l3 + l5 + 2l9)m2α1 + C2(2l1 − 21l3 + 19l4 + 5l5 + 2l9)α22
− [(6l1 − 14l3 + 11l5 + 6l9)m2 + C2(2l1 + 3l3 − 5l4 + l5 + 2l9)α1]α2}
+ 2β22
{
3C2l8α2(5α1 + 19α2) + l7
[
3C2(3α1 − 11α2)α2 + 2m2(9α1 + 7α2)
]}
− 4C2α2β32
{
(2l1 + 9l3 + 5l4 + l5 + 2l9)α1
− (2l1 + l3 − 19l4 + 5l5 + 2l9)α2
}
+ C2α2β42
{
5(3l7 + l8)α1 + (9l7 + 19l8)α2
}
+ 2(α1 − α2)(l6 + l10)
{
6m2
(−1 + 3β22)+ C2α2(1 − 6β22 + 5β42)}
]
,
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2
16m4
[−4l2β2{3m2 + C2α2(−1 + β22 )}
+ l5
{
6m2
(−1 + 3β22)+ C2α2(1 − 6β22 + 5β42)}],
l14 = C
2
256m4
[
8l3
{
64
(
1 + 1
h¯
)
m4
C2
+ 4m2(27α1 − 11α2)
(−1 + β22)
+ 3C2(9α1 − α2)
(−1 + β22 )2α2
}
+ (84l5 + 144l9)m2α1
− (20l5 + 144l9)m2α2 + C2
{
(−45l5 − 60l9)α1 + (21l5 + 60l9)α2
}
α2
− 4β2
{
6(−12l10 − 7l2 − 12l6 + 60l8)m2α1
+ 3C2(−4l10 + 9l2 − 4(l6 + 6l8))α22 + [2(36l10 + 5l2 + 12(3l6 + l8))m2
− 3C2(−4l10 + l2 − 4l6 + 40l8)α1
]
α2
}
+ 2β22
{−36l9(α1 − α2)(−2m2 + C2α2)
+ l5
[
2m2(21α1 − 5α2) + 3C2α2(−17α1 + 25α2)
]}
− 4C2α2β32
{
(−31l2 − 36l6 + 120l8)α1 − 36l10(α1 − α2)
+ (23l2 + 36l6 + 72l8)α2
}+ C2α2β42{36l9(α1 − α2) + l5(11α1 + 29α2)}
+ 48l4(1 + β22 )
{
m2(15α1 + α2) + C2α2(5α1 + 3α2)
(−1 + β22)}
+ 12l1(α1 − α2)
{
12m2
(
1 + β22
)+ C2α2(−5 − 6β22 + 3β42)}
]
,
l15 = 3(α1 − α2)C
2
64m4
[
4l5β2
{
6m2 + C2α2
(−1 + 3β22)}
+ l2
{
12m2
(
1 + β22
)+ C2α2(−5 − 6β22 + 3β42)}],
l16 = C
2
2304m4
[
72l4
{
64
(
1 + 1
h¯
)
m4
C2
+ 4m2(25α1 − 9α2)
(−1 + β22)
+ C2α2(25α1 − α2)
(
1 + β22
)2}+ 96l7m2(45α1 − 29α2)β2
+ 48l3
(
1 + β22
){
m2(45α1 − 29α2) + C2α2(15α1 − 7α2)
(−1 + β22)}
+ C2α2
{
60(α1 − α2)(l1 + l9) + l5(47α1 − 23α2)
}(
1 + 6β2 + β42
)
+ 4α2β2C2
{(
60l10 + 47l2 + 60(l6 − 6l7)
)
α1
− (60l10 + 23l2 + 60l6 − 168l7)α2
}
+ 4α2β32C2
{(
60l10 + 47l2 + 60(l6 + 6l7)
)
α1
− (60l10 + 23l2 + 60l6 + 168l7)α2
}]
,
l17 = 5(α1 − α2)α2C
4
192m4
[
4l5β2
(
1 + β22
)+ l2(1 + 6β22 + β42)],
l18 = C
2 [
24l8m2(35α1 − 19α2)β2 + 4l4
(
1 + β22
){
3m2(35α1 − 19α2)384m4
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(−1 + β22 )}+ C2α2{l3(21α1 − 13α2)(1 + 6β22 + β42)
+ 4β2
(
2l8(35α1 − 11α2)
(−1 + β22)+ l7(21α1 − 13α2)(1 + β22))}],
l19 = 3(15α1 − 7α2)α2C
4
640m4
[
4l8β2
(
1 + β22
)+ l4(1 + 6β22 + β42)],
l20 = (α1 − α2)C
2
16m4
[
4l5β2
{
3m2 + C2α2
(−1 + β22)}
+ l2
{
6m2
(−3 + β22 )+ C2α2(5 − 6β22 + β42)}],
l21 = C
2
256m4
[
8l7
{
64
(
1 + 1
h¯
)
m4
C2
+ 4m2(27α1 − 11α2)
(−1 + β22)
+ 3C2(9α1 − α2)α2
(−1 + β22 )2
}
+ 12l10(α1 − α2)
{
12m2
(
1 + β22
)+ C2α2(−3 + 6β22 + 5β42)}
+ 48l8
[
(15α1 + α2)m2 − C2α2(5α1 + 3α2)
]
+ 48l8m2(15α1 + α2)β22 + l2
{
4m2(21α1 − 5α2)
(
1 + β22
)
− C2α2
[
11α1 + 29α2 + 6(−17α1 + 25α2)β22 + 3(−15α1 + 7α2)β42
]}
+ 4β2
{
6(12l1 − 60l4 + 7l5 + 12l9)m2α1 + C2(36l1 + 72l4 + 23l5 + 36l9)α22
− [2(36l1 + 12l4 + 5l5 + 36l9)m2 + C2(36l1 − 120l4 + 31l5 + 36l9)α1]α2}
− 12C2α2
{
(−4l1 + 40l4 + l5 − 4l9)α1 + (4l1 + 24l4 − 9l5 + 4l9)α2
}
β32
+ 48C2l8α2(5α1 + 3α2)β42 + 12l6(α1 − α2)
{
12m2
(
1 + β22
)
+ C2α2
(−3 + 6β22 + 5β42)}
]
,
l22 = 3(α1 − α2)C
2
16m4
[
4l2β2
{
6m2 + C2α2
(−3 + β22 )}
+ l5
{
12m2
(
1 + β22
)+ C2α2(−3 + 6β22 + 5β42)}],
l23 = C
2
2304m4
[
72l8
{
64
(
1 + 1
h¯
)
m4
C2
+ 4m2(25α1 − 9α2)
(−1 + β22)
+ C2(25α1 − α2)α2
(−1 + β22 )2
}
+ 96l3m2(45α1 − 29α2)β2
+ 48l7
(
1 + β22
){
m2(45α1 − 29α2) + C2α2(15α1 − 7α2)
(−1 + β22)}
+ C2α2
{
60(α1 − α2)(l6 + l10) + l2(47α1 − 23α2)
}(
1 + 6β2 + β42
)
+ 4α2β2C2
{(
60l1 − 360l3 + 47l5 + 60l9
)
α1
− (60l1 − 168l3 + 23l5 + 60l9)α2
}
+ 4α2β32C2
{(
60l1 + 360l3 + 47l5 + 60l9
)
α1
− (60l1 + 168l3 + 23l5 + 60l9)α2
}]
,
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4
192m4
[
4l2β2
(
1 + β22
)+ l5(1 + 6β22 + β42)],
l25 = C
2
384m4
[
24l4m2(35α1 − 19α2)β2 + 4l8
(
1 + β22
){
3m2(35α1 − 19α2)
+ C2(35α1 − 11α2)α2
(−1 + β22 )}+ C2α2{l7(21α1 − 13α2)(1 + 6β22 + β42)
+ 4β2
(
2l4(35α1 − 11α2)
(−1 + β22)+ l3(21α1 − 13α2)(1 + β22))}],
l26 = 3(15α1 − 7α2)α2C
4
640m4
[
4l4β2
(
1 + β22
)+ l8(1 + 6β22 + β42)],
l27 = −(l11 + l14 + l16 + l18 + l19),
l28 = −1
sinhm
[
(l11 + l27 + l12m + l13m2) coshm + (l14 + l15m) cosh 3m
+ (l16 + l17m) cosh 5m + l18 cosh 7m + l19 cosh 9m
−
(
1
2
l12 + 2l11m − l20m2
)
sinhm + (l21 + l22m) sinh 3m
+ (l23 + l24m) sinh 5m + l25 sinh 7m + l26 sinh 9m
]
.
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